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) NUMERICAL METHODS AND COMPLEX VARIABLES

3
sl 2= > using Cauchy’s integral (ELECTRICAL & ELECTRONICS ENGINEERING)
formula Duration: 3 hours Max. Marks: 70
OR Note: 1. This question paper contains two Parts A and B.
T 2. Part-A contains 10 short answer questions. Each Question carries 2
Expand f(z) (z~1}(z~3) . 5 3. Part-B contains 5 essay questions with an internal choice from each unit.

Each Question carries 10 marks.

.| expansion for : _
4. All parts of Question paper must be answered in one place.

lz| <1 i)1<|z| <3 i_ii)lzl >3 BL — Blooms Level CO — Course Outcome
UNIT-V PART - A
10 r | — [L3]CO3| 10M _ EL: | €O
Evaluate |-5——>39 where C is the circle 1.a) | Under what conditions, Newton-Raphson’s
¢z +77) . : L2 | €Ol
i s 3 method fails to find root of an equation?
|lz2| =4 using Cauchy’s residue theorem. 1.b) |Prove that (1 +A)(1—V) = 1 12 [ Coi
: OR l.c) |Using Newton’s forward interpolation formula,
11|Using calculus of residues show that| L4 [CO5[ 10 M write the formula for 2™ order derivative. L3 | co2
T * . - 3
,[ o _ = (@>b>0) 1.d) |Write Simpson’s % rule. L1 |CO2
a+bcostd |2 —p?

- 1-9) | Verify whether the function #(¥,¥)=e€"c0osy | 1, | o3

is harmonic or not?

1.f) |Write Cauchy-Riemann (C-R) equations in

L2 |C
cartesian form. ot
1.g) | State Cauchy’s integral theorem. L2 | COl
1.h) B 1 . : g
Expand f(2) = GoDz_2 Taylor’s series about 13 | cos
z =0
. 3
L) | Find the residue of f(z) = ——at z = 1. L3 | CO3

z2-1
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1_]) zt+ 1
Write the zeros and the poles of /(2) = 2-2) L2 | COl
PART - B
Max.
B
ol Marks
UNIT-1
2 | a) |Apply Bisection method to find a real| L3 |CO2| 5M
root of the equation x3—x2—1=0
correct to two decimal places.
b) | Using regula falsi method, find a real root| L3 |CO2| 5M
of an equation e” tanx =1
OR
3 | a) | Given L4 (CO4| 5M
logh*=2.8156 , logi*=2.8182,
logi? =2.8189 , log™' =2.8202
656
Estimate the wvalue of loglg using
Lagrange’s interpolation formula.
b) |Estimate  f(3.75) using Newton’s|L4 |CO4| 5M
forward interpolation formula from the
following table
x | 28 | 30 | 33 | 4.0
f(x)|24.1 220|202 ] 18.6

UNIT-II

Apply Runge-Kutta (R-K) fourth order| L3 |CO2| 10 M

method, to find ¥(0.2)and ¥(0.4) Given that

dp  pr=at

L 0)=1

de Pzt =L

OR

3) | Evaluate f01x3 dx with three sub| L4|CO4| 5M
intervals by using Trapezoidal rule. :

b) |Estimate the approximate value of the|L4 [CO4| 5M

w2
integral I Vc0s0dO ith step size h = %
0
using Simpson’s Y5 rule.
UNIT-III

%) Show that the function f(2) = \/|XY| is e S
not analytic at the origin, although
Cauchy-Riemann equations are satisfied
at that point.

b) | Construct an analytic function I3|CO3| M
f(z) =u+iv whose real part is
u=4xy-3x+2

OR
Construct an analytic function f(z) = u+iv | L3 |CO3| 10 M

whose imaginary part is e* (xsiny + ycosy)
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Subject Code: 23BS1302 PVP23

11 B.Tech. | Semester Regular Examinations - DECEMBER-2024

NUMERICAL METHODS and COMPLEX VARIABLES
Key & Scheme of Evaluation

fxn)
f(xn)
This method fails when £’ (x) = 0 to find root of an equation f(x) = 0.

L.a) | By Newton-Raphson’s method, Xp4q = X —

1.b) | Weknow thatA=E —1 and V=1-E?
Then (1+A)(1-V) = EE™' =1

l.e) | [d?y 11, 11
i = . A? A4
(dxz)vzx 2 {A Yo Yo + 12A Yo —

[

1.d
) [yde =2 100 +y) + 300 + ¥+ s+ yseeeeeeee )+ 20 + Ve b g e )]

le) | u, =e*cosy, Uy =e*cosy
U, = —e*siny, uyy, =-—e*cosy
Then, Uy, + Uyy = €*cosy — e cosy =0

= 1 1s harmonic.

9 a
1.f) ﬁ = % (ux = vy) and
9 a

L.g) IT f(.z) is analytlc within and on a closed curve C, then f f(2)dz=0.

1.h) 1 1 B 1
z-1Dz-2) z-2 z-1

= —%(1—2)_1 +(1-2)1

. (1 2Ly +(1
— 2 2 4 . ) +z+ 2z 4 - J
1.i) ,
Resf(1) = lm;(z - 1f(2)
Z—
- z2 1
“ R zdl 2
1.)) o oge s LR —1H
Zeros of f(z) are G
Poles of f(z) are 0,1
2.73)”  Let fx)=x*—x*-1=0

F(1.4) = —0.216 < 0
F(1.5) = 0.125 > 0

Root lies between 1.4 and 1.5

a+b
a b | f@ | f(b) |c= 5 f(c)
1.4 15 -0.216 | 0.125 1.45 -0.0539
1.45 1.5 -0.0539 | 0.125 1.475 0.0334
145 | 1.475|-0.0539 | 0.0334 | 14625 |-0.0107

1.4625 1.475 | -0.0107 | 0.0334 | 1.4688 | 0.0113

+ 1.4088 is a root for the given equation corrected to two decimal places.

-Note ~Marks can be awarded for alternate procedure(s) or values (s) and/or root(s) or
solution(s)

2.h) Let f(x) =e*tanx—1=10
f(0.5) =-0.0993 <0




. af(b) —bf(a)

a | b f@ | f0) =Tt | O
05 |06[-0.0993 | 02466  0.5287 -0.0088
0.5287 | 0.6 | -0.0088 | 0.2466 0.5312 1-0.0006
0.5312 | 0.6 | -0.0006 | 0.2466 0.5314 0

f(0.6) = 0.2466 > 0
Root lies between 0.5 and 0.6

= 0.5314 is a root for the given equation.

Note:-Marks can be awarded for alternate procedure(s) or values (s) and/or root(s) or
solution(s)

3.a) | Let
e b Xo =654  x, =658  x,= 659  x3= 661

Vo = 2.8156 y, = 2.8182 y, = 2.8189 y; = 2.8202
Lagrange’s Interpolation formula,

(x*xl)(x*xz)(\x“xa) (x — x Hx — 2 )(x — x2)

Y= (wo=x1)xp—x2)(x0—X3) 0 L ¥ (x3—xp)xz—x1)(x3—x2) .
vl =3 =b 2)(=3)(—5) _
:( )(=3)(=5) (2.8156) + W Al (2.8182)
(=4 =5 4] BH(=1D(=3)
(2)(=2)(-5) (2)(=2)(-3)
+———— (2.8189) + ———=— (2.8202
®DD GIOIOIAR
= 2.8168
3k :
) X y A A? A3
Xp 2.5 Yo 24.1
2.1
x1 3 y22° 0.3
-1.8 -0.1
x; 3.5 v, 20.2 0.2
-1.6
X3 4 Y3 18.6
By Newton’s forward interpolation formula
(p—1 2 (p—1)(p-2 :
Y=Y tphyo+ p(x; } A%yg +%(ﬁ"_) By o wis wanms
Fo ~X“x()_3.75—2‘5_—r{—
where p = S R 2.5
20019 2.5(1.5)(0.5 A
=241 +425(-2.1)+ (2 ) (0.3) +~—)—£—(—)Q (—=0.1)
D
=193813 _ - -
Note:- Marks can be awarded for alternate procedure(s) or metihod(s) and/or solution(s)
4) - d_y X yzmxz =
Given el 3y(0)=1
: p2x? . e
Here}‘(x,y)=w, x():(),yo—l h=0.2
¥y =Xy +h=102 X =%, +h=04

To find y,:
ky =hf (2 +35 50 +2) = (0.2).£(0.1,1.1) = 0.1967
ks =hf (%o +5 50 +2) = (0.2). £(0.1,1.0984) = 0.1967




1 1
e == (1 + 2ky + 2les + key) = 2 (0.2 + 0.3934 + 0.3934 + 0.1891) = 0.1959

1
ayr =y(0.2) = yo+ k =1+ 0.1959 = 1.1959
To find y,:
ki = h. f(x;, ) = (0.2). £(0.2,1.1959) = (0.2). (0.9456) = 0.1891
h k
ky,=h.f (x1 g “2’1') = (0.2). £(0.3,1.2904) = 0.1795
h Ik
ka=nh.f (x1 + 7 V1 + ?2) = (0.2).(0.3,1.2857) = 0.1793 3
ky=hf(x;+h,y; +k3) =(0.2).(0.844) = 0.1688
1 1
e = E(kl +2ky + 2k3 + ky) = 6(0'1891 + 0.359 + 0.3586 + 0.1688) = 0.1793 I
~ Y, =y, +k=11959 4+ 0.1793 = 1.3752
S.a') ' 'J;Iré'reﬂ:fstep size h = 1/3
% 0|13 ]23]|1
y=x3]0|1/27]827]| 1 5
Yo N Yz V3
By Trapezoidal rule, fol vidx = % [(Vo +¥3) +2(y1 + yo)l 2
(1/3) 1 8
2o ea(ed)
2 [( A 27 i 27
. [1+18] = 0.2778
: 6l 27l :
5.b) o |o| L | 2 | 3m | 4m | 5S¢ |6n =
12 12 12 12 12 12 2
y=+vcos@ | 1 | 09828 | 0.9306 | 0.8409 | 0.7071 | 0.5087 0
Yo Y1 Y2 Y3 Va Ys Ve 2
By Simpson’s % " rule, fOﬁ/ZVCOS 6 do = g [(vo +¥e) + 4y + y3 + ys5) + 2(y5 + v1)] )
s
= (—1%)- [(1+0) + 4(0.9828 + 0.8409 + 0.5087) + 2(0.9306 + 0.7071)]
. 1
1
= = |13.605] = 1.1873
3¢ [ ]
0.2) | [ otz = x + iy Given f(z) = xy + iy
Here ul(x, V) = +f|xy], v(x,y) =0
auwy u(x,0)-u(0,0) _ . 0-0 _
( X)(o,o) = lim,_, . = lim,_,q = =0
ou o w0)u(00) _ . 0-0_
(ay)(o,o) = lim, ” = lim, 5 = 0
aw e v(x,0)-v(0,0) . 0-0 _
(ax)((},o) = limy_q S lim,_q == 0 5
v . v(0,¥)-v(0,0) . 0-0 _
( y)(o,o) = lim,_, —a limy,_o = 0
owy (o oy (o
(8:)(0'0) - (ay)(olo) and (ax)(g’g) (ay)(o’o)
=~ f(z) satisfies C-R equations at the origin.
Now, f/(0) = lim,_o 2L = fjm,_, 1@
B : 1

Suppose z — 0 along the path y = mx

. a (z) y xy|
['hen ll’myemx el = ilmyamx l y
530} 7 xop XY
_ |- mx |
= llmx_,{}




6.b)

= lim,_,,

= limx_,o

w4 L —“Iml which is not unique

= [lim
0 1%im  1+im

= f(z) is not analytic at the origin.

Let f (%) = u + iv be an analytic function where u(x,y) = 4xy — 3x + 2
o du P du
I'hen . = 4y — 3 and ks 4x

Since, f(z) is an analytic function,. f(z) satisfies C-R equations

O - S

ax Ay ax  ay
dv du a

@ =it

ax  ax dy
= (4y —3) — i(4x)
By Milne-Thomson’s method, replace x by z and y by 0 to obtain
f'(@) = (-3) - i(42)
= f(z) = —-3z—-2iz°+ A

[

Let f(z) = u + iv be an analytic function where v(x,y) = e*(x siny + ycosy)

Then d—z =e*(xsiny+ycosy + siny) and
g—: =e*(xcosy+cosy —ysiny)

Since. f(z) is an analytic function, f(z) satisfies C-R equations

6_u_(')1: sl Bv__au
ax  dy ax  ady
.- __du .dv _ dv . dv
"f(z)_6x+L6x_ay+Lax

=e*(xcosy+cosy—ysiny) +ie*(xsiny + ycosy + siny)
By Milne-Thomson’s method, replace x by z and y by 0 to obtain
f'(z) =e?(z+1) - i(0)
= f(2) = ze? + A

Nofe Mdrks can be awarded for alternate procedure(s) or method(s) or solution(s)..

8)

Clearly z = 1, —3 are singular points of T
Hers [(z)= y BE=TL

1 f(z)

2midc z-

ot (5
f(l)_Zm'fC Z—1 iz

By Cauchy’s amegra[ formula, f(a) =

el

.[(z~1)(z+%) f(1)_2m() B

of which z = 1 only lies inside C: |z| = =

Note:?j_\_/_larks can be awarded for alternate procedure(s) or method(s) or solution(s).




9)

(/) 1 :l( 1 ! )

(z-1DE-3) 2\z—-3 z-1
en f&=1-2(1-9" +a-»7]
=25+ @+ ) - )+<1+z+/ 4o
1< <s f@=3-1(1-9 -1(-37]

5[5 @) )5 (14 () Q)+ )

eZ
Let f(z) = Grene

Clearly, z = &+ in are singular points order 2 and both lies inside the circle C: |z| = 4
z ein
%0 (= -—)
z—in (z + im)?2 (2171’)2 42

-z = Im is a pole order 2.

llm(z —im)*f(z) = lim

Then, Resf (im) = = 1)' limy,_ iy {%[(z — in)zf(z)]}

= lim, i {E (Zf;)z]}

o ((z+im)?)e?—2e?(z+im)) _ 2-2in
= limy i [ (z+im)* } T (2in)3
e” g 1
[ = - —
it (/ +in)*f(2) = “ —in (z —im)? (=2im)? i ( 47{2)
.z = —im isapole order 2 .
. d .
Then, Resf (—ir) = 7 1)|  lim, 5 {Z[(z-{—m)zf(z)]}

= ¥ B N

= lim, iz {dz [(z—in)z]}

- ((z—im)?)e?-2e?(z—in)) _ 242im _[2+2in

= lim, iz { (z—im)* } T (—zim)? l(Zin)B]

= By Cauchy-Residue theorem,
fcf(z)dz = 2mi [Sum of residues at singular points within C]
= 2mi [Resf (in) + Resf (—im)]

g7

L5 (2= 2in 2+2m]
~ M i T Qin)?
=9 [2—-2ir 24 2in
~ M 2in? (2m)3]
. -—4m] i
= 2im)3] «
Put z = e . Then cos@ = , df = ;
3 J*ZJT deo = ( /lZ)
" J0 a+bcos® C[ (22*'1)]
_2 dz
T i JCbz242az+b

2 dz _
biJC z2 +bz+1

f f(z)dz where f(z) =

z2
+bz+1




; - ‘ wo o ardaw
I'he singular points of f(z) are # = q, f where a = N A B = il s
D 2

Sincea > b >0, |a] <1and 7] >1
Also z = a is a simple pole. Resf («) = lim, . (z — a)f(z)
1
=lim(z - a) -

e (z—a)(z - p)
1 b

:a"ﬁZZVQZ—-bZ

= By Cauchy-Residue theorem,

f(.f(z)dz = 2mi [Sum of residues at singular points within o

= 2mi [Resf(a)] = 2mi [a_iEJ = gﬁ;
2n dQ )
3 —_— e —— 3 A i..
.[ a+ bcos@  bi fcf Lo
0
- 2 ¢ 2mi )
" obi (a’ — [/

“bh@—p)  Var—pe

T

j’ do B i
S EES 7 N IR

o

By

Note:- Marks can be awarded for alternate procedure(s) or method(s) and/or solution(s) and/or

root(s).
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