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Unit-I
Dictionaries
SET:-A set is a collection of welldefinedelements. The members ofasetare alldifferent.
A set is a group of “objects”
= People inaclass: { Alice, Bob, Chris }
= Classes offered by a department: { CS 101, CS 202, ... }
= Colors of a rainbow: { red, orange, yellow, green, blue, purple }
= States of matter { solid, liquid, gas, plasma }
= States in the US: { Alabama, Alaska, Virginia, ... }
= Sets can contain non-related elements: { 3, a, red, Virginia }
» Although a set can contain (almost) anything, we will most often use sets of numbers
= All positive numbers less than or equal to 5: {1, 2, 3, 4, 5}
= A few selected real numbers: { 2.1, &, 0, -6.32, e }
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(1) Tabular Form:

Listingalltheelementsofasetandseparatedby commasandenclosedwithincurlybrackets
s

ex: A=11, 145 B={2,4%,.,50} C={1,3,5,7,9,..

(11) DescriptiveForm:

Stateinwordstheelementsofaset. Thatis,thepropertyofelementsinthesetdefendastheset
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EX:
A= Set ofthe first five natural numbers.
B = Set of positive even integers less or equal to

fifty
 =Set ofpositiveodd numbers.

(1M Set BuilderForm:
Writingin symbolic form the commoncharacteristic sharedbyall theelements ofthe sets.Ex:

A=lx:xeNax=b) B={x:xeEnl<x=b0} C={x:xeOnx>0j

Descriptive form/Describe method/Statement form:

In this, well-defined description of the elements of the set is given and the same are enclosed in curly brackets.

For example:

(i) The set of odd numbers less than 7 is written as: {odd numbers less than 7}.

(i) A set of football players with ages between 22 years to 30 years.

(iii) A set of numbers greater than 30 and smaller than 55.

2. Tabular form/ Listing method/ Roster form or tabular form:

In this, elements of the set are listed within the pair of brackets { } and are separated by commas.

For example:
(i) Let N denote the set of first five natural numbers.

Therefore, N={1, 2, 3, 4, 5} —> Roster Form

(i) The set of all vowels of the English alphabet.

Therefore, V={a, e, i, 0, u} - Roster Form

(iii) The set of all odd numbers less than 9.

Therefore, X=1{1, 3, 5, 7} - Roster Form

3. Set builder form
In this, a rule, or the formula or the statement is written within the pair of brackets so that the set is well defined. In

the set builder form, all the elements of the set, must possess a single property to become the member of that set.

In this form of representation of a set, the element of the set is described by using a symbol ‘x’ or any other variable
Pagebof 38
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followed by a colon The symbol “:“ or ‘| ‘ is used to denote such that and then we write the property possessed by the
elements of the set and enclose the whole description in braces. In this, the colon stands for ‘such that’ and braces

stand for ‘set of all’.

Let P is a set of counting numbers greater than 12;
the set P in set-builder form is written as :
P = {x : x is a counting number and greater than 12}
or
P ={x | x is a counting number and greater than 12}

This will be read as, 'P is the set of elements x such that x is a counting number and is greater than 12'.
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Definition A dictionary is an ordered or unordered list of key-element pairs,

where keys are used to locate elements in the list.

Example: consider a data structure that stores bank accounts; it can be viewed as a dictionary, where
account numbers serve as keys for identification of account objects.
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Consider an empty unordered dictionary and the following set of operations:

Operation Dictionary Output
insertltem(5,A) {(5A)}
insertltem(7,B) {(5,A), (7,B)}
insertltem(2,C) {(5,A), (7,B), (2,C)}
insertltem(8,D) {(5,A), (7,B), (2,C), (8,D)}
insertltem(2,E) {(5,A), (7,B), (2,C), (8,D), (2,E)}
findltem(7) {(5,A), (7,B), (2,C), (8,D), (2,E)} B
findltem(4) {(5,A), (7,B), (2,C), (8,D), (2,E)} NO_SUCH_KEY
findltem(2) {(5,A), (7,B), (2,C), (8,D), (2,E)} C
findAllltems(2) {(5,A), (7,B), (2,C), (8,D), (2,E)} C E
size() {(5,A), (7,B), (2,C), (8,D), (2,E)} 5
removeltem(5) {(7,B), (2,C), (8,D), (2,E)} A
removeAllltems(2) {(7,B), (8,D)} C,E
findltem(4) {(7,B), (8,D)} NO_SUCH_KEY
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The delete operation

void sll:: del()
{
node *curr, *prev ;
int k;
curr=head;
clrscr();
cout<<“\nEnter the key value that you want to delete: *“;
cin>>k;
while (curr!=NULL)
{
if (curr=>key==k) //traverse till required node to delete
break; /fis found
prev=curr;
curr=curr->next;
1
if (curr==NULL)
cout<<“\nNode not found”;
else
{
if {curr==head) //first node
head=curr->next;
else
prev->next=curr->next; //intermediate or end node
delete curr;
cout<<™\nThe item is deleted\n”;
}
getch () ;
}

The length operation
int sll1 ::lengthi)

{

node *curr ;
int count;

count = 0;
curr = head;
if ( curr == NULL )
{
cout<<“The list is empty\n®;
getch();
return 0;
}
while { curr != NULL )
{
count++;
curr = gcurr -> next;
)
getch():;
return count;
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void sll ::printl)
{
node *temp

temp = head;

if { temp == NULL )

{
cout<<“\nThe list is empty\n”;
getch():; clrsecr():
return;

}

while ( temp != NULL )

{
cout<<"™ <"<<Ltemp->key<<", "<<{temp->value<<"> ";
temp = temp -> next;

}

getch();
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Insertion Removal Retrieval ~ Traversal
Unsorted array-based o(1) O(n) 0o(n) O(n)
Unsorted link-based 0(1) O(n) O(n) O(n)
Sorted array-based o(n) o(n) O(log n) O(n)
Sorted link-based o(n) o(n) O(n) O(n)
Binary search tree O(log n) O(log n) O(log n) O(n)
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Hash Table is a data structure in which keys are mapped to array positions by a hash function.

A Hash Table is a data structure for storing key/value pairs

This table can be searched for an item in O(1) time using a hash function to form an address from the key.

Hash Function: Hash function is any well-defined procedure or mathematical function which converts a large, possibly
variable-sized amount of data into a small datum, usually a single integer that may serve as an index into an array

- Hash function is a function which maps key values to array indices. (OR)

- Hash Function is a function which, when applied to the key, produces an integer which can be used as an address in a hash
table.

- We will use h(Kk) for representing the hashing function

Hash Values: The values returned by a hash function are called hash values or hash codes or hash sums or simply hashes

Hashing is the process of mapping large amount of data item to a smaller table with the help of a hashing function.

*  Hash table is an extremely effective and practical way of implementing dictionaries.
« Ittakes O(1) time for search, insert, and delete operations in the average case. And O(n) time in the worst case.
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Collisions: If x1 and x2 are two different keys, but the hash values of x1 and x2 are equal (i.e., h(x1) = h(x2))
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then it is called as a collision.

Ex: Assume a hash function = h(k) = k mod 10
h(19)=19 mod 10=9

h(39)=39 mod 10=9

here h(19)=h(39) this is called collision.

Collision resolution is the most important issue in hash table implementations. To resolve the collisions two techniques are there.
1. Open Hashing 2. Closed Hashing
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Perfect Hash Function is a function which, when applied to all the members of the set of items to be stored in a hash table,
produces a unique set of integers within some suitable range. Such function produces no collisions.
Good Hash Function: minimizes collisions by spreading the elements uniformly throughout the array.
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(1) Open Hashing (OR) Separate Chaining;

« In this case hash table is implemented as an array of linked lists.

+ Every element of the table is a pointer to a list. The list (chain) will contain all the elements with the
same index produced by the hash function.

¢ In this technique the array does not hold elements but it holds the addresses of lists that were attached
to every slot.

¢ Each position in the array contains a Collection of values of unlimited size (we use a linked
implementation of some sort, with dynamically allocated storage).

Here we will chain all collisions in lists attached to the appropriate slot. This allows an unlimited number of
collisions to be handled and doesn't require a priori knowledge of how many elements are contained in the
collection.

The tradeoff is the same as with linked lists versus array implementations of collections: linked list overhead in

space and. to a lesser extent, in time.
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Advantages

1) The hash table size is unlimited. In this case you don’t need to expand the table and recreate a hash function.
2) Collision handling is simple: just insert colliding records into a list.
Disadvantages

1) As the list of collided elements (collision chains) become long. search them for a desired element begin to
take longer and longer.

2) Using pointers slows the algorithm: time required is to allocate new nodes.
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Algorithm for Separate chaining hashing: search

Open hashing is implemented with the following data structures

struct node list*search( key, r )
{ {
int k- list *p;

P = r[ hashfunction (key) 1;

. while ( p!=NULL && key!=p->k )
I P = p->next;

struct node *1[10]: return( p );

typedef struct node list: }

struct node *next:

Algorithm for Separate chaining hashing: insertion

volid insert( key, r )
{
int 1i;

i = hashfunction( key );/*evaluates h(k)*/

if (empty(r[i])) /*** insert in main array ***/
r(i] .k = key;

else /*** insert in new node ***/

r[i] .next = NewNode( key, r[i].next );
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1. Linear Probing:
o In case of linear probing. we are looking for an empty spot by incrementing the offset by 1
every time.
o We explore a sequence of location until an empty one is found as follows:

h(x. i) = (h(x) + i) mod m

where m is the hash table size
and
i=0.1.2.....m-1

It is just h(x). h(x)+1. h(x)+2. .... wrapping around at the end of the array. The idea is that if we can't put an
element in a particular place. we just keep walking up through the array until we find an empty slot.
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Advantages to this approach :
+ All the elements (or pointer to the elements) are placed in contiguous storage. This will speed up the
sequential searches when collisions do occur.
+ It Avoids pointers:

Ke"i — l—\c,i_shvketd E -
i ¥
e -
L
2= —
o (e == TNX
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Bl — ot
tO- == 3
o wa ' hGze> = [ hash (36D 4 f (1> /s 10
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Linear probing suffers from primary clustering problem

e Clustering: Element tend to cluster around elements that produce collisions. As the array fills, there will
be gaps of unused locations.
Suffers from primary clustering:

Long runs of occupied sequences build up.
Long runs tend to get longer, since an empty slot preceded by 7 full slots gets filled next with
probability (i+1)/m.

o © Hence, average search and insertion times increase

o As the number of collisions increases, the distance from the array index computed by the hash function
and the actual location of the element increases. increasing search time.

e The hash table has a fixed size. At some point all the elements in the array will be filled. The only
alternative at that point is to expand the table, which also means modify the hash function to
accommodate the increased address space.
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Algorithm for Linear probing hashing: insertion

void insert( key, r[])
{ int n;
int i, last;
i = hashfunction( key ) ;/*computes h(x)*/

last = (i+m—-1) % m;
while ( i'=last && 'empty(r[i]) && !deleted(r[i]) && r[i]'!=key )
i = (i+1l) % m;
if (empty(r[i]) || deleted(r[i]))
r[i] = key; /*** insert here ***/
else Error J*** table full, or key already in table ***/;

}
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2. Quadratic Probing: is a different way of rehashing. In the case of quadratic probing we are still

looking for an empty location. However. instead of incrementing offset by 1 every time. as in linear
probing. we will increment the offset by 1. 4.9, 16. ... We explore a sequence of location until an
empty one is found as follows:

h(x, i) = (b(x) +i’ ) mod m
where m is the hash table size
and i=0.1.2..... m-1

+ Disadvantage: Can suffer from secondary clustering:
If two keys have the same initial probe position. then their probe sequences are the same.

Y e -
void insert( key, r[])
{ int n;
int i, last;
i = hashfunction( key ) ;/*computes h(x)*/
last = (i+m-1) % m;
while ( i!=last && l'empty(r[i]) && 'deleted(xr[i]) && r[i]'=key )
i= (i*i+1l) % m;
if (empty(r[i]) || deleted(r[i]))
r(i] = key; /*** insert here ***/
else Error /*** table full, or key already in table ***/;

}
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Algorithm for Double hashing: insertion

void insert( key, r )
{
int i, inc, last;
i = hashl (key) ;
inc = hash2 (key);
last = (i+(m-1)*inc) % m;

while ( il!=last && 'empty(r[i]) && !'deleted(r[i]) && r[i]'!'=key )
i = (i+inc) % m;
if ( empty(r[i]) || deleted(r[i]) )
{
/*** insert here *#**%/
r{i] = key;
n++;
}
else Error /*** table full, or key already in table ***/;
}

//Where hash1 (key) is the first hash function,hash2(key) is the second hash function .
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Division Method
* ldea:
= Map akey k into one of the m slots by taking the remainder of k divided by m
h(k) = k mod m
+ Advantage:
= fast, requires only one operation
» Disadvantage:
= Certain values of m are bad, e.g.,
»  power of 2,
* non-prime numbers
Multiplicative method
Idea:
* Multiply key k by a constant A, where 0 <A< 1
»  Extract the fractional part of kA
»  Multiply the fractional part by m
» Take the floor of the result
h(k) = = m (k Amod 1)
» Disadvantage: Slower than division method Page33
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Universal Hashing

Set of hash functions

choose a hash Hash Table
function randomly

rsal Set of Hash Functions:
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Runtime of hashing

e the load factor A is the fraction of the table that is full

e A =0 (empty) A= 0.5 (half full) A = 1 (full table)
Linear probing:
If hash function is fair and A < 0.5 - 0.6, then hashtable
operations are all O(1)
Double hashing:
If hash function is fair and A < 0.9 - 0.95, then hashtable
operations are all O(1)
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' The Skip List Concept

Skip Lists 2

Linear linked structures are relatively simple to implement, and well-understood.

We can improve search costs by adding some additional pointers to selected nodes to

allow "skipping" over nodes that can safely be 1gnored.

Consider:

Level 2

A J

Level 1

A 4

v

Y
"'\J
Y

Level 0 10

A

12

A 4

15

Head

Consider searching for the values
17 and 32.

How would the extra forward
pointers be used?

How many comparisons would
be required?

A

17

4

20

25 .

h 4
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I Search Example

Skip Lists 3

Consider searching for the value 17:
Level 2 /1 > \L.
Level 1 g dr—

\ = _\
Level 0 N\ » 7 » 10 » 12 » 15

Head /

o <]
» 17 » 20 » 25 .

By using the extra pointers, we can jump over the first half of the list, and then determine
that the value does not lie within the fourth quarter of the list. A careful count of
operations doesn't show any advantage for this tiny list, but...
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Skip Lists 4

We can view the list as consisting of a hierarchy of parallel, intersecting sub-lists or

levels.

Level 1 1s a subset of level 0, level 2 a subset of level 1. and so forth.

By convention, we say each node belongs to level K-1 if it contains K forward pointers.

Level 2

Level 1

Level 0

> » 10 o 12 » 15
Head
4..
o 17 » 20 s 25 .
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Modifying the List Skip Lists 5
Unfortunately, inserting new nodes into this "ideal" skip list structure 1s very expensive.

Consider nserting the value 8:

Level 2 > .
Level 1 > >
Level 0 s 7 » 10 o 12 » 15
Head

We would have to change the
"level" of the node containing 10,
and the successive nodes. ..

S B

> 17 » 20 » 25 .

... must the structure be so
regular in order to provide
improved performance?

In the "ideal" skip list:
- 1/2 the nodes are 1 level 0. 1/4 1n level 1, 1/8 1n level 2, and so forth.

- nodes 1n level 0 point to the next node; nodes 1n level 1 to the next and second-next
node: nodes in level 2 to the next, second-next and fourth-next nodes: and so forth

- the level of a node 1s determined entirely by its position in the list

We can reduce the cost of insertion by:

- selecting a random level for the new node, so that the proportion of level 0, level 1,
etc., nodes 1s roughly preserved

- level 0 nodes point to the next node;

level 1 nodes also point to the next node that belongs to level 1 or higher:;

level 2 nodes also point to the next node that belongs to level 2 or higher:

and «n farth
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Insertion Example

Empty list configured to provide 1 level:

Insert the value 10: assume that level 1 1s selected:

Head

L

Head

A J

10

Insert the value 5 at level 0 and then insert the value 7 at level 0O:

h

Y

A J

10

Head

Page45
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Insertion Detalils Skip Lists 9

Consider inserting the value 8 into the skip list below. and assume that the new node 1s
assigned to level 2:

¥
w
¥
~l

10 12 15 .

v

Y

snnmnpannnasunandunn nun
¥
Y
k4
-

Head

The first step 1s to search for the largest value already in the list that 1s less than or equal to
the new value. The new node will become the level-0 successor of that existing node.

To complete the msertion, we must modify pointers to and from the new node.
But which pointers need to be modified?

Precisely the pointers that break the dashed line and are at a level containing the new node.

Insertion Algorithm Skip Lists 1

Given a data value (that may or may not occur 1n the list):

Node* Update[MazimumLevel] ; for remembering "pass" nodes
Node* x := &HeadNode;
for i := MaximumlLevel downto 0 do
; go as far as possible on current level
while z->forward[i]->»keyField < searchKey do
x 1= x—>forward[i]
endwhile
; search level will now change
Update[i] := = ; remember node for updating later
; drop to previous lewvel (via for loop)
endfor
X 1= x—>forward[0] ; predecesscor is in next Node

Page46



AdvanceDataStructures@Unit-1(Dictionaries)
Insertion Algorithm

Skip Lis

The first part of the algorithm has found the predecessor node, now it's tuime for the
physical insertion:

-

-

if x->keyField = searchKey then

; take action for case of duplicate key wvalus

else

Lvl := randomLevel () ; select random level for
if Lvl > MaximumLevel then ; adjust if list needs
for i := MaximumlLevel + 1 to Lvl do
Update[i] := &HeadNode
endfor
Lwvl

MaximumLevel :
endif
; create new node
® := makeNode (Lvl, searchKey, Data)
; patch it into the list, updating "pass" pointers

for i := 0 to MaximumlLewvel do

x->forward([i] := Update[i]
Update[i] ->forward[i] := x

endfor

endif

new node

new level

Page47



AdvanceDataStructures@Unit-1(Dictionaries)

Perfect Skip Lists, continued

Change

':-L-erel'lt l.....l.*
location

Comparison
-

Find 71

1o 71 < Inf?

o E5 Sy - ~
_ 4 71 <917 a

- » * . > L >
) B‘Ivi‘-l = 0{7 ol : -

- > ® > o » » >
|5 M 76 — a

- m.l., o>l 16 ot 1,__.|-_»_;|u|-> 87-|-> |96 for>

When search for k:
If k = key, done!
If k < next key, go down a level
If k = next key, go right

Search Algorithm Skip Lists 17

Given a data value (that may or may not occur in the list):

Node* x := &HeadNode;

for i := MaximumLevel downto 0 do
; go as far as possible on current level
while x->forward[i]->keyField < searchKey do
®x 1= HX->forward[i]
endwhile
; drop to previous level
endfor

(via for loop)

X 1= x->forward[0] ; step to next Node
if x->keyField = searchKey then
return =->Data
else
return

endif

failure
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Skip List Analysis

e Expected number of levels = O(log n)
- E[#nodes atlevel 1] =n/2
- E[#nodes atlevel 2] =n/4

— aw

- E[#nodes atlevellogn] =1

Rehashing

Hash Table may get full
No more insertions possible

Hash table may get too full
Insertions, deletions, search take longer time

Solution: Rehash

Build another table that is twice as big and has a new hash
function

Move all elements from smaller table to bigger table

Cost of Rehashing = O(N)
But happens only when table is close to full

Close to full = table is X percent full, where X is a tunable
parameter

Draw the result of hashing 19, 50, 89, 39 using quadratic hashing with mod 5. REHASH if necessary

0 50 0
1 1 0
2 2
3 89 3
4 19 4
5
6
7
8
9
10
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RE-Hashing
If you come across an element that won't fit using the type of Hashing you are doing, you must re-hash!
Make a second table that is 2x the size of the original and then some.

You after multiplying by 2, keep incrementing by 1 until you reach a prime number. Indices from 0 to prime-1.
You now will be modding the new numbers by the prime you arrived at.

Your order for adding the numbers relies on you starting with the numbers you inserted in the first table!
If you have a collision try the cell right below the collision. If that isn't free try the one right above the collision!
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Successful search
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| Linear probing
, Quadratic probing,
double hashing
Separate chaining
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