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UNIT __TEL Reccurence Relations

IR

@e]ﬁnf A deccunence gelafion 15 am ecwgfc'.m that ’xecuwsivelg
Mmes @‘Seovue'ﬂce an a xule  Yhob qives mexk bexm im the

equemee 48 O fumc® o} pyevious Yoyms  ehem  ome]moxe

Aol Feyms  awe given.
Recurrence Relotions oxe two Types:

1) Lineay Recoyence ?\Q\Q)c'aoﬂ'\/ Homoaefmous RR

2) Now - Limeas [ Non - Homogemeous RR

To SQ\VE o Recugence RQ\CL‘HO‘T\’ we have O‘PP'JOQ.C\'\P,S'
1) Trevakiom Method

9) Chogacteristic Method
Foo0t

3) Generativeg Method

1) Find out the sequence ge'mfxofvina by the ecusrence
'zfe\ah'oﬁ gwm belou

T'\'\ z 1T,n_‘ w"\'h T 4
5——01,' T =k
Nz = T, o




Nz} ) ’T:% . )_Tl = IXg - 16

=

R
-+
_—i

.l* - 1"]"““‘ o ,‘)_)(T3 = 3%

=
.(J'\
-—‘
(S a
f)

9T, = %31 =6k
m = 6| S - l.Tb 2 2%6!{ Z ll%

~ _ 9x118 =56
n=?, I3 ° l'Tﬁ’l

Seclue‘nce of pan the qenezated teams: 4.8 ,16,32 64 28

68) Ty = Tpy "k with  T,=3
.‘2_3" mz T, =3
%z2, T, :3T2—l_Lk A 8
= &5
n=3%, T, 23T, 4 = 3x5 -y
T3 =
Moy = T, = 3T 7y :\3x'l-t+
= 29
P=56 = Tp = IxTe — 4

3¥X29 -k

I}

8%



-~ - ( Q
_\\‘,C\Y\,‘\C“\\‘ \, ‘\‘ i " )

9 Find the weccuremce velation for  the fn|\0mm9

) 2,618, 54, 162 -
<

Solt Griven  Sequemce; 2,6,\%,54 162

T2 & — Taibal Comnditien

T, =6 2
Ty 213
Tg =161

'

Ty = %1,

W20 0%, , 1,80 .-

T - 90 TInital Condifom

T’ oo T, -3 T,-3
Tyl =y T, 0 2 LR
TL\ = = Tq.-l_:‘) = Tq=3

se.q/u eNcee



W) 1,3 610, 15,00 - -
T, =1 Imihab Conditiom

Tg_::‘) »'—‘5 —r'+2.

'Tz’;g =) Tj_+3
-ip = THth
Ty
- =% T 45
T5 = |5
Ty = Ty, T

Q) find the Jti’JS'f B feyms Og sequence de-?i'ned by each a]f
dhe followiﬂg RR q imitial com 3™ |

: 2
) Ay = Qp Q=2

= A _ aya

y = @ = 2XL -y

3 - &4, = L}X"l' 2 |g
Q, = a;- = 8X% =354

~a,  C 956 %156 ~ 65536




=\
2 c,:)l—\—h Q.=
- N N Qy-
“4) &n N Qn- o |
ay = |
a, =
a 9.0 F 2.0, = 2R 4 YR
9.
= 6
Qg = 20yt 31“»<L, - 3R6 + AR
= 2%
. x2%F + 6 %6
Qy = bOgrk-Q, = L
= 20y |
I
Q’S & 5'04+51,0L3 = Xy T 25 %
zi- 1695
Qp =
iHh
~|'\'\) Q'Y\ = O»“,‘ T Q.'n-*b Lﬁl" Q,|=2_
Q9 =0
0y = |
O—\ = 9
Qg = O
= A\ 2}
: - 3}
Q.“P - Q'3—‘— 05 - 1 +1
3+ 0 ~. 0

o
(€}
o
=
i
o)
r.



PO, PN

Q\Qe)cmmme hether the sequem ce an 16 @ Solutien

. + 2N
o} focuttence gelaton ap - @n- * 20m-2

) W oap = -me2

"

n o, 2 -n+2
. - ..‘ A
W) i an 3 ()

é—g" Y @y = M2
Ap-y ° a-(n-N+2 = ~n+d
O'T\—j),' = “(“"Q”)“—l = ——"n"’L}
RHS 5 gyt 20nat 2P

o (Lman) 4 2OMER) A 2 -

- -ma+> y-om+t8 £12m -1

- -+
ed O_,n
Oy -
" oag, t 20p g 4 2M-1

7
304 2" _mi2

e
=
o)

i

n-1) (n-0
+ L

5(“'3 -(1\-\’) + L

N ™
_ (") +2

n-2 )
an-a = 301 4 g g (n-2) + 2

5]
= 3(v\\rn+ o7 —mth

L

-9

-|
~N

-+
[



Ry\—\«s =) o - 4 2«0_“_2* 2n-9

Y -2
e a0 g man s 2(3E 2 Ins ) A

- m -\ .
) ('\)ﬂ + ‘),’n —ma+ b+ 601 4 9" _ am =

\

= 5(_-—\\“.{.9_’“ -ﬂ:’)'ﬁ-fl’n-\:\]'"q

§i

3(—\’)'“ 420 -2

-—

= Q»'n

®) Let Qy = 2™ + 5(3") fm Mn-0,",2.--
1) Find 0y Qo @y O3 and Ay

.[i) ST O').- - 50.'_ 60-0
Q.3 = 50.9_—60-|

. : integers m with n> 2
W) s T Qp - baq- ~ 6Qm., Al 3

ok Given, o 374 5(3")

2_0.\. 5(301 - 1¥H =6




MDY gL Pas() = 84509
I
Ly
n oy =) Ql? - )_W_‘_S(BL") - ‘6*5(3\)
)
') &y, = 6
IR
Q = @9
0y - b3
Gy = 42l
’\'\) R-HS = Ba,- bGo RHs =y Ha, - 6Q,
- 5 (1%) - 6(6) = 5(a) - 603
- 8b -3¢ - 235 - foL
= 19 - 1D
= (lj_ - 0‘3
Ay = 5a,-6a,



,‘“)

Ay - -
() 50%.-. 6am-q

==y n- - ‘9—' h
5{1 o 5('5‘“")] - 6 (9—“ 45 (3 )}
- - L ¢ 1 s S
-5 L gs() - 602 mR0T
)
~ mn-| 2 ) ]
gl s (3"3) - B2 -t
= 3
. -1 -1
e K1 + ‘0'3“ ‘
M-l
- 9"+ 522,
- 1‘)’) + 5(3“)
- aAn
6 Qn-o



e S B

SQ\‘I‘\'Y\% the Reccurrence Relockion  usiNg Ch“'mc)f“igtic,

Root

V

Ouov of o Recurrence Relotion: Difference befgeen

Nghgd; SLLbSc«iP’c and lowest 53‘*59’”"[),r

= 9 : p-n4t = 4 Ovdy,
B apta,, =0 — T i =5 |

CENEAALT W Ay = 0
Am 4 1Ay, = 4%
Method of Characterishc Roots
Steps: ‘
1) Wate  the chavactetishe Equation JCD’Y $he 3ive'n

Fearttence  velatiom

V 2 fmd the wots and lets sacts be LI P PAN
3) If v ond 7, a'e Real g @istinct them the aledim
ig Qn = o(, ’J;n+ &y "Zf;_q wheae X, ij(xl el

Oﬂbihoaﬂ constants -
) If 7, ond ¥, aTe Real amnd EcLu(ﬂ then the sol” 19
M

5') I,Je (1 and T, are Ctm\p\ex Then the solM s

ay= ¥ (&, 0SB + &, cosmg)



] 5 \ve 'the Fe COPTANCE selation Ay 50 -~
Q 0

foy 21 a,=1, a, 0

/

: Fecux¥ence gelaton 16
: Th wem
50\', e 8

-
—

-

Qn 5 0"“—\_‘ 6(1"“—2.

. s O
Ow“-— 50"'“—-! i 8 6 O.fn._l 0

Odey = 2
ot ¥ 51460 —O@
Chotacterishic EqM

(¥-2)(3-3) =0
o =2,3
%, =2 ¥, = L)
The woots oaze weol amd  diskinct

n 7
Ten He sol® i85 aqm > %7, 2 &, o

n g O
, - 90"+ &, 5 —
\ - Qm ~ oK 0(1
] £ < M :| :
X,T\\\'\Ou\ C()Y\d\ *\O'Y\ S ade @, ) O-\ 0
. 9° .3’
Nz o =% ag = X% t&y

Q%L p- O(|+0(9_ ———¥®

)4

| )
WEN =2 %1 + o()_.g w,

0——»@

1)

2ol ¥ LN Y
So\ving ® & ®

d = \"‘X| -‘_"> 2d|+ :’)(‘_“\) - 0
* 20(1,"\3".30(‘:’0

\txl.:gl

f; ) f



2 The 80\“ 6

2) Solve the following  securvence aelatip?

‘foq ﬂZQ— wi“'h O,o'l|6, Q. - 80

5_0" Griven  gewrence “gelaton

O-T\ _;_Ba'n" + (6 Q.fn.-g_ <0
Order = 2
ch. E(f" T BT +16 =0
(B-4)(2-4) = 0
R S
The 1o0ts asw  qeal amd equaf.-

n
Ay = (o +o,m) 4

an = (e+rym)y™

O"T\~ Ba"n—l + \an"l:Q




3) golve the fU\\Om‘mg: Ay Doy ¥ Qyy” 2 Qm -

for M2 ith Q33 0,56 § Q2 =0

5_0:\ O 20, an’)--—t— Lag.q =0
ONdey =
ch-Eqn’ 394~ 4+ =0
vz -\, L2
Aq = Wa(")“ + 0(2(1)’“ + 0(3(1)'0

Nn=0 '.:> | (-|)°+ w, (‘,)o+ 0(3 (2;)0 a,

N =l =) 1
o, (1) + o, (1) 4 0(3(131 4

"‘0(|-‘\'0(l+20(3: 6

2
WEL £k o<‘(~\)1 + o(l(\)1 4 o<3(13 2 Oy

0(|+ 0()_*({-(%3: O

Gy = 36074 BT 402
= -3¢0+ 30" |



) rn>,_7_ Q. -
k) Qp * Opo ~ 60y, 0 {m °

5) Q,n"é(lan_ll*-qo"n"q‘

2 (1) 2
5 - 3,2

n
ay ¢ %3 &2 — O

X, - %y = -
=]
X, =~ + &y
|
mzlom O oy o3 w2 TG

3(B+oe,) -2, =12

) +30(2_20&

-0 {—n n>2 Qo

1)

£




Ay~ O ay, qO”TFD_ =0
Ovdey - 2
Che Eqn' 2™ 6349 = 0 — O
(7-3) -
Y= 3,5

3
\
=
U
(g
K
i
2
=
d-
1)
£

b8 - 12-V5
“D— PR
Sl o | ay = (5-m)3™



QO\uﬁUﬂ QS» Nnvn menge“eous Recuf{’fe'nCQ Re‘uﬁbn

* If gecumence velation i of Fo .Sioqm

) Cylmy* ChGalk t G
an: CrQn-t 7 C3Qp-2 " 73703 G | )
.-__>®
eneval :
The 380\u%iorn of this mon- homogemeous ~ecuvrence “elatign
& & O;h‘ n a(P’ h — homogemeous _sol“
7 " p - pavticulay sol™
Steps:
(V) e obtain the hmmogefneous solution
. , hamo gemeoys
Hvst we witke  assoclated wecuvtence  welatiom
j’-('n) &
A = Qpy +C Qq ¥ Cy Oy ¥ %26 F C Qg = 0

(1) We obkaim  the  parbicy|qy Solution

There is Mo qeneral procedure Jov dbaiming e
porrbicelas  gol. of o ecudience Yelation.

Howeved , ' $(n) has any ene of the jfojt\owi’nq
st |
+) Polymomial im ' (243 | 941 4 (34.9)

2) Comstomt (5 5 o ehes

3') PO(;JU‘S 05- comnstamd (9" 3"
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10.1.2 Solution of Linear Homogeneous Recurrence Relations
with Constant Coefficients

A recurrence relation of the form

(10.4)

A, @, *Cya, st Cpd,

where ¢, Ca. ..., ¢; are real numbers and ¢, # 0, 1s called a lincar homogencous recurrence relation of
degree k with constant cocfTicients.

- Note 160.1 The recurrence relation given in Eq. (10.4) is linear, since cach a, has the power | and no
terms of the type @ a, occurred.

Note 10.2  The degree of the recurrence relation is &, since a, is expressed in terms of the previous &
terms of the sequence, i.c., degree is the difference between the greatest and lowest subscripts of the
members of the sequence occurring in the recurrence relation.,

Note 10.3  The coefficients of the terms of the sequence are all constants. They are not functions of .

Note 10.4 1 F (n) = 0, then the recurrence relation is said to be homogencous; otherwise, it is said to
be non-homogeneous.

The recurrence relation given in Eq. (10.4) is homogencous,

‘Example 10.9  Provide some examples of linear homogencous recurrence relation. Also, give their
| degrees.

Solution (1) The recurrence relation S, = (0.09)S,, , is a linear homogencous recurrence relation of
degree |.

(i1) The recurrence relation F, = F, |+ F,_ 5 isalincar homogencous recurrence relation of
degree 2.

(111) The recurrence relation a, = a,, 4 is a lincar homogencous recurrence relation of degree 4.

|

Ffample]OIP: Determine whether the following recurrence relations are linear homogeneous
recurrence relations with constant coefficients:
i =2 2
(1) a,=2a, 4ta,_;
() H,=2H, ,+2

(iii) B, =nB,
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. . _ 2 . )
(i) The recurrence relation a, =2a,_4+aj,_3 is not linear,
(ii) The recurrence relation H, = 2H,_; + 2 is not homogeneous.
(iii) The recurrence relation B, = nB,_; does not have constant coefficients,

solutio™

Example 10.11 Determine whxgh of the following recurrence relations are linear homogeneous
recurrzence relations with constant coefficients and also find their degrees:
(i) a,= 3a,-, tdat, ,+ Sa, 3
(i) @p =217 p
(iii) @ =114
() &= 12
(V) a,=ap1 +-an—2
(Vi) an = an—Z
(Vll) an = An-1 LR
Solution (i) This is a linear homogeneous recurrence relation with constant coefficients.
Degree = (n—-3)—n=3.
(ii) This does not have constant coefficients.
(iii) This is a linear homogeneous recurrence relation with constant coefficients.
Degree = (n—4) —n=4.
(iv) This is not a homogeneous recurrence relation.
(v) This is not a linear recurrence relation.
(vi) This is a linear homogeneous recurrence relation with constant coefficients.
Degree = 2.
(vii) This is not a homogeneous recurrence relation. - 7
Characteristic roots Consider the recurrence relation
a,=cd, + €8y > ..t Crlpk

where ¢;, ¢,, ..., ¢; are real numbers and ¢, # 0.
The characteristic equation of the recurrence relation given above is
'}(—Cllj(-l—‘ 02"}(—2— ere '—Ck__l r’_‘ck¢ O

The solutions of the characteristic equation are called the characteristic roots.
Theorem 10.1 Let c; and c, be real numbers. Suppose ¥ — ¢;r— ¢, = 0 has two distinct roots | and
r,. Then the sequence {a,} is a solution of the recurrence relation a, = c,a,_; + c,a,_, if and
only if a, = oyr,"+ ayry" forn =0, 1,2, ..., where & and o, are constants.
Proof Letr, and r,be two distinct roots of the characteristic equation »*—c,r—c,= 0.
Let , 0, be two constants such that a, = o+ a,ry). (10.5)
We need to prove that {a,} is a solution of the recurrence relation.
Since r; and r, are roots of r*—c,r—c,= 0, we have
’”12‘01"1—02=0=>”12=01r1+02 (10.6)
and r,” — cjr,— ;= 0= rl=crto (10.7)
Now, ¢ya,_1 *+ €8,

n-1

_ -1 2 2
=c (o o 1+ e [ogr" T+ oy ]
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Sogr et e) oy et o) .

= a,r," 2rl 4 ayry 3 r_;‘ [from FEqgs (10.6) and (10.7)]

= oy 4oy
=, [by our assumption]

. The sequence {a,} with a, = " + a,r," is a solution of the recurrence relation.

Conversely, we assume that a, = o™ 4 @y is a solution of the recurrence relation

a, = c,a, | tc,a,  for some constants @, o, andn=0,1,2, ...

We need to prove that every solution {a,} of the recurrence relations has the form
a, = a,r" + ar," for some constants o, and ¢, andn=0,1,2, ...
Suppose {a,! is a solution of the recurrence relation and the initial conditions a, = ¢, and a; = ¢,
hold. We need to show that there are constants @, and ¢, so that the sequence la,} with
a, = a,r," + a,ry" satisfies the initial conditions.

Now
Ay =Co=0yry T 0o 1T
a, =c, = ayr,+ 0yr, [by our assumption] )
ie.cp= o+ Q,
and ¢, = oy, + 01
Solving this, we get
o B\

£
I

h—n

Coli — €
and o, = 211
n—n
The values of o, and o, are valid only if | # r,.
Therefore, for the above values of o, and 0.,, the sequence {a,} with a, = o,,r" +a,r;’ satisfies the
two initial conditions.
Since a, = ¢,a,_, + c,a,_, with ay = ¢, and a; = ¢ uniquely determine the sequence,
a,=oyr," +0,r," is a solution form.
Theorem 10.2 Let ¢, and c, be real numbers with c, # 0. Suppose r*— ¢,r— ¢, = 0 has only one root

r,- A sequence {a,} is a solution of the recurrence relationa = c,a,_ +c,a, _, if and only if
a =orS +o,nrg, forn=0,1, 2, ..., where o, and o, are constants.

Proof First, we show that if a, = o;r" + 0y nrg, then the sequence {a,} is a solution of the recurrence
relation. Since ry is a root of the characteristic equationr"—c;r—c, =0

r, is a solution of a, = ¢ya,_, + c,a, , [by Theorem 10.1] (10.8)
Now we need to prove that a, = nry' is also a solution of Eq. (10.8).
Since r s a root of r2— cr—c,=0 (10.9)

and the degree of equation (10.9) is 2
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-~

el LAl = Tl Ul 1Y
- g "o
Fquating the corresponding coeflicients, we have
c = oyl
1 =T ) Fo
.\YO\\'
) A . | "
@yt aa =l - D" ey [(n- D )

= 1)'0 (n - l)l‘“" ! f'n: (n- 3)"(\" ’
=ry R -1 = (n-2)]

=nr,"

=aq,

nry" is a solution.
C ! C = e - N
Hence, by Theorem 10.7, a, = ayrg' + @y nrg is a solution of Eq. (10.8).
Conversely, we have to prove that every solution {a,} of the recurrence relation a, = ¢ya, | + ¢»a, » has
a,= arg + a,nry for some constants @, and @, and forn =0, 1, 2, ....
Suppose that {a,} is a solution of the recurrence relation and the initial conditions @y = ¢ and
a, =< hold. We need to show that there are constants a, and @, so that the sequence ta,} with
a, = q,rg +0,nrg satisfies the initial conditions.
a,=cy=Q,
1.e., C;— O4rg= Q51
¢ — %"

i.e., (12 =
o

¢ — ol
Therefore, when a; =cg, @, = | ——"% |, the sequence {a

Y with oty + g nry' satisfies the two
initial conditions. "o

n
Since the recurrence relation and these initial conditions uniquely determine the sequence,
ot annrg
Theorem 10.3 Letc, C,...... ¢, be real numbers. Suppose the characteristic equation H—c i SN o
— ¢, =0 has k distinct roots Iy I'y - Iy Then a sequence {a,} is a solution of the lcumcnu, relation.
= . 1f 1 = o A « N vee - n - = 2
a=ca,  +ca 2+ +ca,  ifand only if a = ar "+ anr+ - + ogr, forn=0,1,2,.
where a , a, , ..., g are constants.
Theorem 10.4 Letc,, c,, ..., ¢, be real numbers. Suppose the chamctcrietic equation #—¢ rt ' ¢t 2
=+ —c,=0has rdlstmct roots Fis s v T, withmultiplicitics m, m,, ...., m, respectively, so tlml m 21 for
= 1, 2, ..tandm +m,+ - tm= k. Then the sequence 1(1"} is a bOlllllOl] of the recurrence lddlmn
@ =ca_ tca, ,*tca, if and only if
- m—=1y . n .
a,= (a1‘0+ oy n Seoes wr a]"”l_ln l )’1 + (al.O+ aZ.l” +oee t a_’.nh l""L I)

n mt=1\ .n
R e (@t gt O 1)
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for

. . ' . b ]
The charactenistic equation is r*—¢yr=c; = 0
Let the roots of the characteristic equation be ry and r,.

n=0,1,2, .. where a; ; arc constants for | i< 1.
Note 10.5  Consider the recurrence relation of the forma = ¢ a, |

Feda ,n 2 2.

Case (i) If r, and r,arereal and distinct, then the solution isa, = &'+ a,r), where o and o are

arbitrary constants.

Case (ii) 1f r, and r,arcreal and equal, then the solution is a = (o, + on)r” where , and o, are

arbitrary constants.

Case (iii) 1f r_ and r,are complex numbers, then the solution is a, = r" (0/,c08 n@+ o,cos nb, where

a,and @, are arbitrary constants.

Example 10.12| Solve the recurrence relation

a,=5a, —6a,, fornz2,ay=1,a;=

Solution The given recurrence relation is a,— 5a,_; + 6a,_,= 0.

0.

The characteristic equation of the recurrence relation is P —5r+6=0.

r=2,3
Hence, the solution is  a,=¢;2" + ¢,3", where ¢, and ¢, are constants. (10.10)
Initial conditions are a,=1,a,=0

Now, gy =1= c120+ c230= 1
=cte=1
a,=0= c2' +¢3'=0

=2c¢,+3¢c,=0
Solving Eqs (10.11) and (10.12) we have, respectively,
=c=1l-¢c,
=2-¢)+3c,=0
=cy=-2
Also,c;=1-(-2)=3
scy=3andc,=-2
Hence, the unique solution is

a,=32")-2@3") fornz=2

Example 10.13 | Solve the recurrence relation

(10.11)

(10.12)

2]

a,=8a, ;—-16a,_, forn 22, ay= 16, a; = 80.

Solution The given recurrence relation is
a,—8a,_; +16a, ,=0
The characteristic equation is
r2—8r+16=0
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= (r-4)7=0
=r=4,4 o
Hence, the solution 1s

a, = c, 4" + c,;nd", where ¢, and c, are arbitrary constants. (10.13)
Initial conditions:

a()= 16$Cl.40+ C2.0= 16

=) " 16
Also, ay=80= ¢4+ ¢,1 (4") =80
= 4(71 + 4sz 80

—_—>CI+C2=20
= ¢, =4, since ¢; = 16

Hence, the unique solution is
an= 16(4”) +4n (411)= 4]1+2_ n4n+1

:>a,,=(4—n)4"+1, n>2

Example 10.14 | Find the solution of the recurrence relation a, = 2a,_, + a, ,— 2a, yforn=3,4,5,
.., Withay,=3,a,=6and a, = 0.

Solution The given recurrence relation is
a,— 2an—l - an—2+ 2(1,,_3 =0
The characteristic equation 1s
P2 —r+2=0

m 2 -1 2
o1 -1 =2
1 -1 2 ]0

=>rF-1)0*-r-2)=0
=>F-DrEr+1)(FE-2)=0
=r=1,2,-1
Hence, the solution
a,=c; 1"+ c,2" + c4(-1)", where c,, ¢,, c; are arbitrary constants. (10.14)

& 4

Initial conditions are a; =3 a; = 6 and a, = 0.

Whenay=3,¢c;+c;+c3=3 (10.15)
When a, =6, ¢, + ¢,2' + ¢;(-1)' =6
=c,+t2c,—c3=6 (10.16)
Whena, =0, ¢; + 22+ c3(—1)2 =0
Adding Eqgs (10.15) and (10.16) = 2¢; + 3¢, =9 (10.18)
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Adding Egs (10.16) and (10.17) = 2¢, + 6c, = 6 (10.19)
Subtracting Eq. (10.19) from Eq. (10.20) = 3¢y, =3
= ¢y =-1

Equation (10.18) = 2¢, = 9 ey
= 2(‘\ - Q 4 3
=0,=0

Equation (10.18) = ¢, = 3 - ¢y~ ¢
=3 -6+ 1

2

= C3 - “:
. The unique solutionisa, = 6(1") - 2" -2 (-1)".

‘Example 10.15  Find an explicit formula for the Fibonacci numbers.

Selution The Fibonacci numbers are 0, 1,1,2,3,5,8, 13, .... The recurrence relation corresponding
to the Fibonacci sequence {F,}.n >0, is

F,=F, +E,_, n22, with the initial conditions Fo=0,F,=1.
The characteristic equation of the recurrence relation is #—r — 1 = 0.

1+/5
2
Hence, the solution of the recurrence relation is

F,=c, [“’f} te [1‘2‘@) (10.20)

where ¢, and c, are arbitrary constants.

Solving it, we have r =

Initial conditions are Fy=0and F,=1.

Now,F0=0=>cI+c2=O

And F, =1 =>c,(1+2\/§) +c2(]“/§J =1

(10.21)

> (10.22)

Solving Eqgs (10.21) and (10.22):
Equation (10.21) = ¢, = -,

- Equation (10.22) = cz[[l “E]_[' +\/§H =

2 2

Using this in Eq. (10.21), we get
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™he solution 18

b=

Lo HJ—" (1 5Y
SR TR

-E;;T“Ph |0 |6w The Lucas numbers satisfy the recurrence relation L, = L, ,+ L, ,and the initial
T conditions Ly =2and L, = 1.

(i) Show that L, =F, ,+ F, sforn=23 . where F, is the nth Fibonacci number.
(it) Find an explicit formula for the Lucas numbers.
Solumm (i) Let S, be the statement
L,=F, \+F,  forn=23 ..
We shall prove this by using the principle of mathematical induction.

Basic step: S, is shown to be true. That is, we need to prove

L,=F,+ F;.
By the definition of Lucas number, we can write
Ly=Ly+L,
=1+2, sinceL0=2,Ll= 1
=3

RHS. S, =F +F,
=1+ 2, since from the Fibonacci number 0(Fp) L(F) 1(Fy) 2(F,) 3(F)) ...

- =3

= L,= F\+ F,4
Hence, S, is true.
_~nductive step: We assume that S, is true for every k < n.
= L;=F; +F,,, is true for every k= n.
We need to prove that Si+1 1s true. That is, we need to prove
Ly =Fe+ Frga
Now, by the definition of Lucas numbers
Lin=Li+L;,
SFOF P )+ (F L+ F) [by our assumption]
=Bt B )+ (Fr + Fy)
=4,

1.e,.5:7, is true.

[by the definition of Fibonacci numbers]

Hence, by the principle of mathematical induction,

9\
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S, is true for every a,
(1) The given recurrence relation is
Ln_ Ln—l - Ln»Z =0
The corresponding characteristic equation 15
2
—r-1=0

1+5

e

2
1445 1-v5

and r, = —

Let =

Therefore, the solution is

[1+\/§)n (l—\/gjn
L =c + ¢y | ——
n 2 2

where ¢, and ¢, are constants,
Initial conditions are Ly = 2, L, = 1.

Now, Ly =2=> ¢+t ¢;=2

L=1= (H\E}%— [l_\E]:l
=120 | —

7 2

Solving Eqgs (10.24) and (10.25), we get
OLI = 1 ﬂnd OL_«_ = l

Hence, the unique solution is

w57 (5

: 2 2

Example 10.17 | Solve the recurrence relation
a,=2a, ,-2a,, a,=1,a,=2.

Solution The given recurrence relation is a, — 2a,_; + 2a, , = 0.
Its characteristic equation is 2 —2r+2 =0

_ 23438
2

=r
=1xi
The modulus—amplitude form of

1+i= \/E(coslc-i sinE)
44

.. The general solution of the recurrence relation is

(10.23)

(10.24)

(10.25)
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. T
a,= (\E)’ (c‘ cos% tc, sini}) (10.26)
where ¢, and ¢, arc constants.

Given that @, = 1 and a, =2.
Now,ao=1=>c1:i:0=1

=c =1

Also,a1=2=>(\/5) (cl cos%+c2 sin%) =2

1 1 ]
- P2leg—+c—=1|=2
Aagrags
=cte=2
=c,= 1
-, The required solution is

ntonm
ay= (\/5) (cos—+ sm—) =
4 4 ;
10.1.3 Solution of Non-homogeneous Recurrence Relation or Inhomogeneous
Recurrence Relation

A linear inhomogeneous or non-homogencous recurrence relation with constant coefTicients of degree
k is a recurrence relation of the form
a,= c,a, \+ ey, ot epa, G, where ¢, ¢, ..., ¢y are real numbers and G(n) is a
function not identically zero depending only on n.
Algorithm for solving non-homogenecous finite-order linear recurrence relation  To solve the
recurrence relation
a,=C\a, ¥ Ca, 2t -t Cay = G(n)
or
Sk)=c,Stk-1)+c,Sk—=2)+ -+ c,S(k—n)=g(k),
we have to adopt the following procedure.
Step 1. We obtain the homogencous solution.
First, we write the associated homogeneous recurrence relation, namely G(n) = 0
i.e., a,* c\a,_1+cya, ,++cua, ;=0
Then, we-find its general solution, which is called the homogeneous solution.
Step 2. We obtain the particular solution.
There is no general procedure for finding the particular solution of a recurrence relation.
However, if G (n) has any one of the following forms
(i) polynomial in n
(i) a constant
(iii) powers of constant
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then we may guess the forms ot the particular solution and exactly find out by the method of undeter-
mined coeflicients.

Particular selution for given G(n) Table 10.2 shows the particular solution for given G (n).

Table 10.2 Particular solution for given G (n)

S.No. | G(n) Form of particular solution
() ! A constant, ¢ A constant, d
(ii) 5 A linear function ¢, + ¢yn A linear function dj + dk
| N ' do + dik
Qi) | n? dy + dik + oK
) | An m™ degree polynomial An m" degree polynomial
|} CO + C1n + C2n2+ st Cmnm d0+ d1k + d2k2 + .-+ dml(m
(v) mreR . ar- -

Step 3. We substitute the guess from Step 2 into the recurrence relation. If the guess is correct, then
we can determine the unknown coefficient of the guess. If we are not able to determine the
constants, then our guess is wrong and hence we go to Step 2.

Step 4. The general solution of the recurrence relation is the sum of the homogeneous and particu-
lar solutions.

Step 10. 1f no initial conditions are given, then Step 4 will give the solution.

If n initial conditions are given, then we get n equations with » unknowns. Solving the system, we
get a complete solution.

I YT :
Example 10.18 | Solve the recurrence relation a, = 3a, _ 12", a;=1

:; Solution The @omogeneous recurrence relation is
' a,—3a, ;=2" (10.27)
b (1) The associated ho;Iloggneous equation is |
a,—3a, ;=0 D/___, 2 e CM\,_JS ‘L\,,f* ‘;%z:f[\ .
Its characteristic equation is e _
r-=3=0 O =2% 4T EX
=r=3 S

. \ N3
". The homogeneous solution 1& 7\ " “
a, (H)= ¢, 3" GE 4= 5

(if) Since the R.H.S. of the recurrence relation is 2" and 2 is not the characteristic root let the
particular solution of the recurrence relation be

a,= dZ"
Using this equation in the given recurrence relation, we get

dzn_ 3d2n -1 = 2)1
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ﬁd—zd=l
9

= 2(1——3(1= 2
=d=-2

(P -2 (2)11 ol 2n+ 1
Hence, the general solution is

Example

Solution

@

a,= a,(,m +a 5)1’)
=a,=c,3"-2""" (10.28)
Using the condition a,= 1, we get

ag=c;3'2'=1
=c¢-2=1
=c =3
- Therequired solution is a, = 3 (3") - 2""!
ie,a,=3""" 2! b
10.19 | Solve the recurrence relation a, = 2a,, |, +2", a, = 2.
The given recurrence relation is

a,—2a, ,=2" (10.29)

The associated homogeneous cquation is a, — 2a, | = 0.
The characteristic equation is
r—-2=0

=>r=2

. The homogeneous solution is o) = ¢,2".

(ii)

Since the R.H.S. of the recurrence relation is 2" and 2 is the characteristic root, let a,
dn2" be a particular solution of the recurrence relation.

Using this equation in the given recurrence relation, we get

dn2" —2d(n - 1)2"! =2"

=dn2"—d(n-1)2""1=2"

=d[n-(n-1)]=1

=d=1

a(: ) = p2"

Hence, the general solution is

a,= a'M + (P
= a,=c2" +n2" (10.30)
Given that q, = 2,
02 +0=2
=c=2
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Therefors, the reguired solution n
a, 2(2") + n2"
= a,(1+n)*nal

=
M; l‘.u Solve the recurrence relation g, ~ 20, ; + 0, 3> 2, withay =25, a = 16,
Solution The grven recurrenos relation 18

a,~2a, *a,;*12 (1031

(3 The assocuted homogeneous equation wa, - 2d, (+da, ;=0
s characteristic equation is 77 - 2r + 1= 0
=% {r - :‘ = @
wmr~i,1.

- The homogeneous sohution is
&) =le;+ et
(e} Semes Ge ¥H.S. of the rovurrence relation is 2, 2 constant, we assume the panticular solu-
tion of the recurrence 16 be
47w 4 2 comsians,
Uneng this solution in the given recurrence relation, we yot
d-2d~d=2
ie., 0 =2, which is impossible,
Thus, our 2ssumption is wrong,
N, we assume Gt d P = nd
Using this solution in the given recunrence relation, we g
nd < 2(n~Syd~(n-2jd=2
w5 nd - Ind ~ nd < U - Jd =7
= § = 2, which is zlso impossible,
Thus, our assuraption is wiong,
Mo, we zsvurne thatd) = rld
Using this solution in the given recutrence relation, we get
wd~2n-37d s (n-2fd=2
2 Wl 2 ~In+ Ny~ —hnvbyd =12
1P Ul d s bnd - Ul 5 1Pd - bpd + hd = )
mp = |
L dY -
Hence, the general schution is
a, = ”‘{{i 5 ”‘:’I’i

=5 d,= (¢, Al + o (10.32)
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Given gy =25 and a, = 16.
Now, ay= 25
=[c; +0]+0=25
=¢=25
Also, a; = 16
= (¢, +e)+12=16
=c te,+1=16
=c,=16-1-25

=-10
.. The required solution is
a,= (25— 10n) 1" +n*
= a,=n*—10n+25

Example 10.21 | Solve the recurrence relation

ak— 7ak_1 + IOGk_2 = 6 + 8k, aO = 1, al =2

or solve

S(k) - 7S(k—-1)+10S(k-2)=6+8k S(0) =1, S(1) = 2.

Solution

(@)

The given recurrence relation is

ak— 7ak_1 + 1Oak_2 =6+ gk

The associated homogeneous equation is
ak— 7ak_1 + lOak_z o= 0

Its characteristic equation is

P —Tr+10=0
=(r-5@F-2)=0
=r=2,5

Therefore, the homogeneous solution is
0 = 2 + c,5*

(ii) We need to find the particular solution,

let a;’ =d,+ dk, since the R.H.S. is a linear polynomial.

Using this solution in the given recurrence relation, we get

= (dy—Tdy+ 10dy) +d, [k-7 (k— 1)+ 10 (k—2)] = 6 + 8k

(P) —

Recurrence Relation 493

5]

(10.33)

(do+dik) =T [dy+d; (k—1)]+10 [dy+d, (k—2)] =6+ 8k

= 4dy+ d, [k— Tk + 7+ 10k — 20)]= 6 + 8k
= (4d,— 13d,) + 4d k= 6 + 8k

Equating the corresponding coefficients on both sides, we get

4dy—13d, =6 and 4d, = 8
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Now, dd, =8 = d, =2

=4dy =6+ 13(2)

= ‘10 =8
= o\ =8+ 2%
Thus, the general solution is @, = a i" ) =q }f’
= a=c 28+ 54 + 8+ 2% (10.34)
Given that, gy = 1, a, =2
Now,qyl = ¢+, +8=1
=ctet8=-7 (10.35)
Also,a;=2=¢2+c,5+8+2=2q
=2c,+5¢,=-8 (10.36)
Solving Eqs (10.35) and (10.36), we get
c,=-9and ¢, =2

. The required solution is
a,=-925 +2(55)+8 + 2k

Example 10.22| Solve the recurrence relation

a,=4a, —4a, ,+(n+1)2"
Solution The given recurrence relation is
an=4an_1_‘4an_2+(n+ 1)2" (1037)
(1) The associated homogeneous equation is
a,—4a, +4a, ,=0
Its characteristic equation is
P—4r+4=0
ie, r—2y=0
=r=2,2
.. The homogeneous solution is
a(f,l) =(c; + cn)2"

(i) Since the R.H.S. of the recurrence relation is (1 + 1)2" and 2, 2 is the characteristic root of

the equation (i.e., 2 is repeated twice), we assume the particular solution of the recurrence
relation to be

a?) = (¢, + c,m)n2"

Using this solution in the given recurrence relation, we have
(cla-czn)n22%-4[c4-c2(n-4)](n-1)22"“+-4[c1+—c2(n-z)](n-z)zz""3==(n-+1)2"
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=4(q + Cz")"z* 8(n-1)> ley + ey (n=1)]+4(n-2)> [ey+cy(n=2)]=4(n+1)

= 4(c; t czn)nz- 8(:12 =2n+ Deytean=1D]4 4% - 4n + 4)(c, + ¢y (n - 2)]
=4(Il+l) (1038)
Putting, n = 0, we get
—S (Cl"‘CZ) + 16(()1 2C2) = 4
= 8C1 - 24C2 =4
1

= -30= (10.39)

Equating the coefficients of n on both sides of Eq. (10.38), we get
16¢; — 16¢, — 8¢, — 16¢, + 32¢, + 16¢, = 4
= 24c,=4

:>C7=_
)

Therefore, Eq. (10.39) gives

Thus, the general solution of the recurrence relation is

Q 4= 0 + o)

3
———— \ n
= a,= |ic1 +cyn +n +—i|2"

Example 10.23 | Solve the recurrence relation a,=4a,_, —4a,_,+3n+2", ay=1,a,=1.

“Solution The given recurrence relation is )
a,—4a, —4a, ,=3n+2" (10.40)
(i) The associated homogeneous equation is
a,—4a, ,—4a, ,=0
Its characteristic equation is 7> —4r+4 =0
=(r-27"=0/
=>r=2,2
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Thus, the homogencous solution is

a({,” = (¢ + ¢yn)2" (10.41)
(1) RH.S =3+ 2"

Particular solution = a(:" + a(,,:’)

Since part of the R.H.S. is 3n, i.c., a linear polynomial,
let a(? =dyt+dn

Using this solution in the recurrence relation, we get
(dotdm -4 {dy+d,(n—-1)}+4{dy+d, (n-2)} =3n
= (dy—-4dy+4dy) +d [n-4(n-1)+4(n-2)]=3n
= (dy—4d)) +din=3n

Equating the coefficients of # on both sides, we get -

d =3
Equating the constant terms on both sides, we get
dy—4d, =0

=d;=12

Therefore, particular solution corresponding to 3x is

a?) =12+ 3y | | (10.42)

Since part of the R.H.S. is 2" and 2 is the double root of the characteristic equation, let us
assume the particular solution to be a?> = dn?2"
Using this solution in the given recurrence relation, we get

dn*2" —4d (n— 122" + 4d (n — 2)2 272 = o
= 4dn” - 8d (n— 1)* + 4d (n - 2)* = 4
=dn*-2d(n-1+d (n-2)>*=1
=dn’-2d (" ~2n+ 1) +d (i~ 4n+4)=1
Putting n = 0, we get

ma —-2d+4d=1

=d=1/2
Therefore, the particular solution corresponding to 2" is

B

1
a(PZ) — n22n

" 2
=n’2""! (10.43)
Therefore, the particular solution is

=12+ 3n+ n?2"!
Hence, the general solution is
a, (cy +cn)2" + 12+ 3n + p22"-1
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Giventhatay=1,a,=1
—'-_—>C1——’11

Also,a;=—1 = (c; +¢;) 2+ 12+3+22=

= 2¢;+2¢c,=—18
=cte,=-9
=c=-9-(-11)=2

=y =2

Thus, the required solution is
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a,=(2n—11)2" + 12 + 3n + n?2"*! e

Example 10.24

relation a; = 2a;_| + k + 10.

For'what values of constants A and B is a;, = Ak + B a solution of the recurrence

Solution The given recurrence relation is a, = 2a, | + k + 10, (10.44)
Now, a, = Ak + B is a solution of Eq. (10.44) if it satisfics the recurrence relation.
=2a,_+k+5=2[A-1)+B]+k+5

=QRA+ 1) k+2(B-A)+5
=Ak+B,whenAd=(24+1)and2(B-4)+5=8B
When 4 = -1 and B = -7, the above relation holds true
Thus, for 4 =-1 and B = -7, a,= Ak + B is onc of the solutions. w1
L N EXERCISES
10.9 Determine which of these equations are linear  10.14 Solve the recurrence relation a, = 64, | —
homogeneous recurrence relations with con- 1la,_,+ 6a, _5,a,=2,a;, =5 and a, = 110.
s stant coefficients and find their degree. 10.15 Solvea,+3a,_,+3a, ,+a, 3=0,a,=1,a,
a -1 =—2anda2=—l.
@ a=aj_, (b) a,= =% 10.16 Solve a,—a,_, - 6a, _,=— 30, with a; = 20
and a, = - 5
©) ap=ap, +ap,+k+3 10.17 Solve the recurrence relat1on a,—3a,_,| -
(d) ay=4a,_,+5a,_4+9a;4 a da, ,=4".
10.10 Solve the recurrence relation a, = "—4-2‘ for  10.18 Solve the recurrence relation a, , , — 6a,, , ; +
n22,a,=1,a=0. 9a,=3(2")+7(3"),n>0.a,=1, a,= 4.
10.11 Solve the recurrence relation a, =7a, » + 64,3, 10,19 Solve the recurrence relation a,=4a,_,-3a,_,
0929,01=10,az=32- ) +2"+n+3,withay=1, a,=4.
10.12 Find the solution to a, = 5a,_, —4a,_4 With 1020 What is the general form of the solutions of a
ay=3,a,=2,a,=6and a; = 8. linear homogeneous recurrence relation if its
10.13 Solve the recurrence relation a, = 6a,_; —94,_», characteristic equation has the roots 1, 1, 1, 1,
ay=1,a,=6. 49 252D 3. 3p= 49
%
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